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Abstract. Let R be a commutative noetherian local ring with completion R. 
We apply differential graded (DG) algebra techniques to study descent of mod- 
ules and complexes from R to R' where R' is either the henselization of R or 
a pointed etale neighborhood of R: We extend a given R-complex to a DG 
module over a Koszul complex; we describe this DG module equationally and 
apply Artin approximation to descend it to R' . 

This descent result for Koszul extensions has several applications. When 
R is excellent, we use it to descend the dualizing complex from R to a pointed 
etale neighborhood of R; this yields a new version of P. Roberts' theorem on 
uniform annihilation of homology modules of perfect complexes. As another 
application we prove that the Auslander Condition on uniform vanishing of 
cohomology ascends to R when R is excellent, henselian, and Cohen-Macaulay. 



Introduction 

Let (R, m) be a commutative noetherian local ring with m-adic completion R. 
We investigate a pervasive question in local algebra: When is a given i?-module N 
extended from R, i.e., when is there an i?-module M such that N = R®rM1 

If R is Cohen-Macaulay, a classical approach to this question is a two-step anal- 
ysis that treats the ring and the module separately. Let x be a maximal i?-regular 
sequence and consider the commutative diagram of local ring homomorphisms 

R >R 

(*) 

R/{x)^^R/(x), 

The bottom map is an isomorphism because x is a system of parameters. For every 
finitely generated i?-module N, the module N/xN is finitely generated over R/{x) 
and, hence, also over R. The first step is to identify conditions on R guaranteeing 
that N/xN has the form M/xM for some finitely generated i?-module M. The 
next step is to identify conditions on N such that the isomorphism N/xN = M/xM 
forces an isomorphism TV = R<S)rM. Often, this second step hinges on the good 
homological properties of the vertical maps. 
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If R is not Cohen-Macaulay, then this construction is problematic. A maximal 
i?-regular sequence is not a system of parameters, so the map R/(x) — > R/(x) will 
not be an isomorphism in general. This could be remedied by replacing x with 
a system of parameters, but then the good homological properties of the vertical 
maps would be lost. To circumvent these problems, we leave the realm of rings. 

We replace the rings R/(x) and R/{x) in (*) with Koszul complexes K R {a) and 
K R (a) where a is a list of elements in m such that R/(a) is complete. For example, 
a can be a system of parameters or a generating sequence for m. The natural 
morphism K R (a) — > K R (a) is a homology isomorphism and induces an equivalence 
between the derived categories D(K R (a)) and D(K R (a)) of differential graded (DG) 
modules. Hence the resulting commutative diagram of differential graded algebra 
homomorphisms supports a two-step analysis parallel to the one described above. 

In step one, contained in (|3.3|) . we identify conditions on R under which a DG 
module over K R (a) that is extended from R is also extended from R. 

Theorem A. Let (R, m) be an excellent henselian local ring and a <E m a list of 
elements such that Rj (a) is complete. For every R-complex N whose homology is 
finitely generated over R, there is a complex M of finitely generated R-modules such 
that K r {cl)®rM is isomorphic to K R (a)®j^N in the derived category D(K R (a)). 

In this theorem, if A is a module then, under additional conditions on a or A, 
also M is a module. As applications we obtain the next two theorems. The first is 
contained in ()4.2j) ; it extends (the commutative case of) lifting results of Auslander, 
Ding, and Solberg for definitions see (|4.ip . 

Theorem B. Let (R, m) be an excellent henselian local ring and x € m an R- 
regular sequence such that S = R/(x) is complete. Let N be a finitely generated 
S-modulc. If Ext|(A, A) = 0, then A has a lifting to R. If Ext^(A, A) = 0, then 
any two liftings of N to R are isomorphic. 

The second application, contained in (|4.4|) . is an ascent result for Auslander's 
conditions on vanishing of cohomology for finitely generated modules; see (|4.3[) . 

Theorem C. Let R be an excellent henselian Cohen-Macaulay local ring. If R 
satisfies the (Uniform) Auslander Condition, then so does R. 

In step two of the analysis, we give a condition on N sufficient to ensure that an 
isomorphism of DG modules K R (a)<S)R M ~ K R (a)^)^N forces an isomorphism of 
complexes R(S>rM = A. Semidualizing i?-complexes (|5.3I) satisfy this condition, 
and we obtain Theorem D, which is part of (|5.4[) . It subsumes Hinich's result [TH] 
that an excellent henselian ring admits a dualizing complex; see also Rotthaus [29] . 

Theorem D. Let R be an excellent henselian local ring. There is a bijective corre- 
spondence, induced by the functor R(E)r —, between the sets of (shift-)isomorphism 
classes of semidualizing complexes in the derived categories D(R) and D(R). 

Semidualizing complexes also furnish an example of how the conclusion of The- 
orem A may fail for rings that are not excellent and henselian; see (|5.5[) . 

Much of this work is done in a setting broader than suggested by the above re- 
sults. In (|5.4p we show that, if R is excellent, then every semidualizing i?-complex 
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descends to the henselization R h and, moreover, that any finite collection of semi- 
dualizing i?-complexes descends to a pointed etale neighborhood of R. This allows 
us to prove, in (|6.1[) . a new version of Roberts' theorem [27] on uniform annihila- 
tion of homology modules of perfect complexes. This, in turn, applies to recover a 
recent result of Zhou |36j on uniform annihilation of local cohomology modules. 

As to the organization of the paper, background material is collected in Section[IJ 
and Theorem A is proved in Sections ErEl Applications, including Theorems B 
and C, are given in Sections [5] and [5] Theorem D is proved in Section [5J 

1. Algebra and module structures 

In this paper, (i?, m, k) is a commutative noetherian local ring with m-adic com- 
pletion (i?, m, k). For a list of elements o = ax, ■ ■ ■ , a e in m, we denote the Koszul 
complex on a by K R (a). If Rj (a) is complete, then we call a a co-complete sequence. 

For the rest of this section, fix a list of elements a 6 m and set K R = K R (a). 

(1.1) Complexes. We employ homological grading for complexes of i?-modules 



M = ^ M n+1 M n M n _ 

and call them R-complexes for short. Let M be an i?-complex and to an integer. 
The m-fold shift of M is denoted Y. m M; it is the complex with (Y. m M) n = M„_ m 
and (?„ M = (—l) m d^f_ m . The hard right truncation of M at m, denoted My> m , is 
given by 

(M >m ) n = <^ and d n - = < 

ID it n < to I U it n ^ to. 

The hard left truncation of M at m is denoted M<^ m and defined similarly. 

A complex M is bounded if M n = when |n| ^> 0. The quantities supM and 
inf M are the supremum and infimum, respectively, of the set {n € Z H„(M) ^ 0}. 
We say that M is homologically bounded if H(M) is bounded, and M is homolo- 
gically degreewise finite if each module H„(Af) is finitely generated. A complex is 
homologically finite if it is homologically both bounded and degreewise finite. 

Isomorphisms in the category of i?-complexes are identified by the symbol =. 
Isomorphisms in D(R), the derived category of the category of i?-modules, are 
identified by the symbol ~. A morphism a between i?-complexes corresponds to 
an isomorphism in D(i?) if and only if the induced morphism H(a) in homology 
is an isomorphism or, equivalently, the mapping cone Cone a is exact; when these 
conditions are satisfied, a is called a quasiisomorphism. 

Every i?-complex M has a semifree resolution P M; see [T2l prop. 6.6]. Such 
resolutions allow definition of derived tensor product and Horn functors — ®^ — 
and RHom^(— , — ) because the functors P®_r— and Hom^(P, — ) preserve quasi- 
isomorphisms of i?-complexes. 

The Koszul complex K R is a bounded complex of finite rank free i?-modules, in 
particular, it is semifree and so the functors K r ®r — and K R Cg)^ — are naturally 
isomorphic. This fact will be used without further mention. If M is homologically 
degreewise finite, then [13l 1.3] provides the (in)equalities 

(1.1.1) inf K R ® R M = inf M and supM < supK R ® R M < e + supM. 

Hence, the complexes M and K r ®rM are simultaneously homologically bounded. 
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It is straightforward to verify the following special case of tensor-evaluation. For 
i?-complexes M and N there is an isomorphism in D(i?) 

(1.1.2) K R ® R miom R (M,N) -=-> RHom fl (M, K R ® R N). 

(1.2) DG modules over Koszul complexes. The Koszul complex K R can be 
realized as an exterior algebra, and the wedge product endows it with a differential 
graded (DG) 1 algebra structure that is commutative; see e.g. [H prop. 1.6.2]. That 
is, the product is unitary and associative, and it satisfies 

uv = (— l)' u ""'wu and u 2 — when |u| is odd 

d KR (uv) = d KR {u)v + {-l)\ u \ud KR (v) 

for all u, v in K R , where \u\ denotes the degree of u. 

A DG K R -module is an i?-complex M equipped with a If ^-multiplication: a 
morphism of i?-complexes K R ® R M — ► M, written u <S> m >— > um, that is unitary 
and associative and satisfies the Leibniz rule 

d M (um) = d KR {u)m+ (-l)^ud M {m) 

for all u s K R and m S M. A DG A fl -module M is homologically finite if the 
homology module H(M) is finitely generated over R (K R ) ^ R/{a), equivalently if 
M is homologically finite as an i?-complcx. 

If M is an i?-complex, then K R ® R M has a DG if^-module structure given by 
u(v ® a;) = (uu) ® a;. Moreover, if M is a homologically finite i?-complex, then 
K R <S> R M is a homologically finite DG i^-module. 

A morphism of DG i^-modules is a morphism of i?-complexes that is also 
i^-linear. Isomorphisms in the category of DG A'^-modules are identified by the 
symbol =. The derived category of the category of DG A 7 *- modules is denoted 
D(K R ); isomorphisms in this category are identified by the symbol ~. A morphism 
of DG A^-modules corresponds to an isomorphism in D(K R ) if and only if it does 
so in D(i?) and is then called a quasiisomorphism. 

Every DG A fl -module M has a semifree resolution P -^^> M; see [T^l prop. 6.6]. 
Such resolutions allow definition of derived tensor product and Horn functors, 
— ®\r — and RHom/ f fi(— , — ) because the functors P ®k r ~ an d Hom^fl(P, — ) 
preserve quasiisomorphisms of DG A fl -modules. 

(1.3) Local homomorphisms and Koszul complexes. Let i3: (R,m) — > (S, n) 
be a local ring homomorphism, that is, $(m) C n. Set K s — K s (d{a))\ there is 
then an isomorphism of S'-complexes and of DG A^-modules 

(1.3.1) S® R K R = K S . 

Assume d is flat, i.e. it gives S the structure of a flat -R-module, and assume R = S. 
If a is co-complete, then d induces an isomorphism of rings R/(a) = S/($(a)) and, 
further, a quasiisomorphism of i?-complexes 

(1.3.2) K R -=-> K s 

which also respects the DG algebra structures. In particular, every (homologically 
finite) DG A s -module is a (homologically finite) DG A fl -module. Moreover, the 
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functor K s ® k r — is an equivalence between D(K R ) and D(K S ); it conspires with 
(|1.3.2| to yield an isomorphism in D(K S ) 

(1.3.3) K s -=-» K s ® k rK s '. 

The homology inverse is the multiplication morphism. 

2. Equational descriptions of Koszul extensions 
The next lemma is a crucial step towards Theorem A from the introduction. 

(2.1) Lemma. Let (R,m) be a local ring, m a positive integer, and P a complex 
of finite rank free R-modules such that P n — when n < or n > m. Fix a 
co-complete sequence a £ m and set K R = K R (o) and K R = K R (o). There exists 
a finite system S of polynomial equations with coefficients in R such that: 

(a) The system S has a solution in R. 

(b) A solution to S in R yields a complex A of finite rank free R-modules such 
that A n = when n < or n > m, and K R ® R A ~ K R ®^P in D(K R ). 

The rest of the section is devoted to the proof of this result; the argument 
proceeds in ten steps, the first of which sets up notation. 

(2.2) Differentials on K and K R . Fix a basis £\, . . . ,£2 e for K R over R. For 
each i = 1, . . . , 2 e set = 1 ® Si £ K R , cf. (|1.3.1|) . The elements S\,...,S2-- form a 
basis for K R over R. The differential d^ R is given by a matrix of size ( n Zi) x ( e ) 
with entries in R 

R R [dnij] R 

Note that = [d n ij\ — when n < 1 or n > e. By (|1.3.1j) the matrix [d n ij] also 
describes the nth differential on K R . 

Multiplication on the degree n component of K R by a basis vector e/, is given 
by a matrix of size ( n _M e i) x with entries in R 

R R 

By f|l .3. 1(1 the matrices [i„jj] also describe multiplication by ih on K R . 

(2.3) A resolution of K R ®^P over K . Without loss of generality, we can 
assume the complex P is minimal; that is, d p (P) C mF. The DG K R -mod\x\e 
K R ® R P is a homologically finite DG A^-module through (|1.3.2p . By [TJ prop. 2] 
there exists a A" fl -semifree resolution F K R ®^P, such that the differential 
of k® K R.F is and F^ = TJ i>0 5?((AT^) ft with A e N . (Here denotes 
the graded i?-module underlying the DG K R -moc\\\\c F.) Applying the functor 
K r ® k r — yields a K ^-semifree resolution 

K r ® k r F -=-» K r ®j^r K R ® R P, 

and p.3.3p induces a quasiisomorphism of DG if ^-modules 
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As K r ® k r F is K ^-semifree, JT2J prop. 6.4] provides a A fl -morphism 

(2.3.1) ip: K r ® k rF -=-+K*®xP- 

Since ip is a map between semifree DG A" fl -modules, the induced map 

k<8> KR <p: k(g) KR (K r (E> k rF) — ► k® KR (K R ®^P) 

is a quasi-isomorphism; see P21 prop. 6.7]. Each of these complexes has zero differ- 
ential (P is minimal), so k(E> K a <p is an isomorphism, hence the underlying graded 

k- vector spaces have the same rank. The semifreeness of K r ® k r F and K R ®^P 

over K R implies 

(2.3.2) rank B F n = vankfi(K R ® K R F) n = rarik^A"^®^ P) n 
for all n. In particular, F n — when n<0orn>m + e. 

(2.4) DG structures on F and K r (& k rF . For each integer n, set r„ = rank^ F n 
and fix an A-basis for F n . The differential d£ is given by an r„_i x r n matrix 

Ai ► Ai-1 

with entries in A. Note that [u n ij] — when n < 1 or n > m + e. There is an 
isomorphism of DG A fl -modulcs 

(2.4.1) K r ® k rF ^R® R F 

cf. (|1.3.ip . In the A-basis induced by the A-basis for A, the nth differential on 
K r (£) K r F is also given by the matrix [u„y ]. 

For each basis vector eh £ K R , cf. ()2.2j) . multiplication by Eh on A is given by 
matrices with entries in A 

n ' 1 n+\£h j ■ 

By (|2.4.ip the matrices also describe multiplication by e/j on K r ® k r F. 

(2.5) DG structure on A fl C3)g A. For each integer n, fix a basis for the free A- 
modulc P n and set s n — rank^ P n . The nth differential of P is then given by an 

s„_i x s n matrix with entries in A 

Pn - — ^ Pn-l 

which is zero when n > m or n < 1. In the basis on K R (E)^ P, coming from the 
bases chosen for K R and the modules Ao, . . . , A m , the differential 

~ rci m 

® n R ' ^&Kn-p®fiPp ► ^^K R _ 1 _ q ®^P q 

p=0 9=0 



is given by a block matrix 



(2.5.i) ®« p 



MS, 
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where 

! d (n-p)ij iip = q 

{-l) n -*x pij i£p = q + l 
otherwise. 

K R ® - P 

Note that d n R = when n_< 1 or n > to + e. 

For each basis vector ih G K R , cf. (I2.2[) . multiplication by ih on K R ®^ P is given 

by the formula ih{f ® g) = (if) ® g; see (|1.2j) . In the chosen basis for K R (^^P, 
multiplication by ih on the degree n component is given by 

m m tci 

(B [ th (n- P )ij\®R P p' ® K n-p®R P P * (B K n-p+\s h \ ®R P p- 
p—0 p—0 p—0 

Hence, multiplication by ih on K R ®^P is given by matrices with entries in R 

(K R ® n P) n -^H (K R ® R P) n+lEhl . 

(2.6) First set of variables. We introduce a finite set of variables 

{X nij \n = l,...,m; i = l,..., s„_i; j = 1, . . . , s„}. 

The equality d R d R +1 = says that the elements x ni j e i? satisfy a system <Si 
of quadratic equations in the variables X n ij with coefficients 1 and 0, namely the 
system coming from the matrix equations 

(2.6.1) \X nij )[X {n+1)ij ] = [0] for n = 1, . . . , m - 1. 

For later reference, define [B^] for p, q = 0, . . . , m and n = 1, . . . , to to be the 
block matrix described as in (|2.5.1[) and (|2.5.2[) by 

d( n -p)i 3 if P = q 

B% j = {{-l) n -PX pij i£p = q + l 
otherwise. 

(2.7) The map (p. Since y> is a morphism, it satisfies the equation 

(2.7.1) l^n-l* K -O n ¥>n = 

for each n. The if^-linearity of ip means that there are equalities 

(p(ihf) = ihfif) 

for all / € K r ® k r F and ft, = 1, . . . , 2 e . Each map ip n is between free R- modules 
of rank r n , cf. (|2.3.2p . so it is given by an r n x r n matrix with entries in R 

[K R ® K aF) n [K R ® s P) n 
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which is when n < or n > m + e. The if^-linearity of ip can, therefore, be 
expressed by commutativity of diagrams 



(2.7.2) 



{K R ® KR F) n > (K R ® n P) 



(K R ® K nF) n+lehl - > (K R ® n P) n+ 



for n = 0, . . . , m + e and h = 1, . . . , 2 e . 

(2.8) Second set of variables. We introduce another finite set of variables 

[Y nij \ n = 0,...,m + e; i = l,...,r n ; j = 1,. . . ,r„}. 

By (|2.7.ip the elements x n ij , y n ij G R satisfy a system £2 of equations in the 
variables X n ij , Y n ij with coefficients in R, namely the system coming from the 
matrix equations 

(2.8.1) [y(n-i)«][«nii] ~ [B^jWnij] = [0] for n = 1, . . . , m + e. 

By ([27772]) the elements ynij satisfy a second system £3 of equations in Y n ij with 
coefficients in R, namely those coming from the matrix equations 

(2-8.2) [Y {n+lehl)ij ][v^j] ~ KijWnij] = [0] 

for h = 1, . . . , 2 e and n = 0, . . . , m + e — |e/,|. 

(2.9) The mapping cone of (p. The complex Cone </? consists of finite rank free 
i?-modules. In the basis for Coneip coming from the bases chosen for K r ® k rF 
and K R ®^P, the nth differential is given by the block matrix 

f[l>Zj} [V{n-X)ij] 
\ [0] -[«(„-!)«: 

which is zero when n < lorn > m + e + 1. Since (f is a quasiisomorphism, 
the mapping cone is an exact complex of free i?-modules and bounded (below). 
Hence, there exists a homotopy between and the identity on Cone tp, i.e. a degree 
1 homomorphism a on Cone <p such that 

/O n 1 \ „ aConc 1 aConc^ i Gone ip 

(2.9.1) <J n -\O n ^ + o n+ i ct„ = 1„ 

for every n. Each map cr„ is given by a matrix of size (r n+ \ + r„) x (r„ + r„_i) 
with entries in R 

(Cone^)„ Zn ' 3 > (Cone< y 9) n+ i 
which is when n < or ?i > m + e. 

(2.10) Third set of variables. We introduce a third finite set of variables 

{Z nij j n = 0, . . . , m + e; i = 1, . . . , r n+1 + r„; j = 1, . . . , r„ + r n ^{\. 

The equation (|2.9.ip means that the elements x n ij, y n ij, and z„.y satisfy a system 
of equations in X n j,j, Y n ij, and with coefficients in R, namely the system £4 
coming from the matrix equations 

(2.0.1) Jfc^i) + CV -kJi) b * i - w 

for n = 0, . . . , m + e + 1, where <5h is the Kronecker delta. 
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(2.11) Solutions to <S. By construction, the system S = U^fSi has a solution in 
R, namely x nij , y nij , z nij ; see (|2.6.ip . (|2.8.1[> . (|2.8.2p . and (|2.10.1|) . This proves (a). 

For part (b), assume that S has a solution i„jj, z n ij in i?. In view of the 

isomorphism <p, see (|2.3.1|) . it suffices to show that this yields a complex A of finite 
rank free i?-modules such that K r ®r A ~ F in D(K R ) and A n = when n < or 
n > m. For each n, let ^4 ra be a free i?-module of rank s n = rank^ P n and fix an 
i?-basis for A n ; note that A n = when n < or n > m. For each n let 



<9,f : A„ — > A„_i be given 


by 


d A = 


[Xnij ] 


<fin- Fn — ► (if- R (8) fl A)„ be given 


by 


<fin = 


[ynij] 


<7„ : (Cone<^)„ — > (Cone</5)„+i be given 


by 


&n — 


[Znij]- 


Since the elements x n ij satisfy Si, one has d^d^ +1 = 


0; 


so A is 


a complex. The 



elements x n ij , ynij satisfy 52 and ^3 , so the map ip is a if -linear morphism of 
i?-complexes. Moreover, the elements x n ij, Vniji ^nij satisfy 1S4, so the map a is a 
homotopy between and the identity on Coney3. In particular, the cone is exact 
and, therefore, (p is the desired quasiisomorphism. □ 

3. Descent of Koszul extensions 

In this section we accomplish step one of the analysis described in the introduc- 
tion. In particular, Theorem A is a special case of (I3.3|) (a). 

(3.1) The approximation property. The ring R is said to have the approxima- 
tion property if it satisfies the following: Given any finite system S of polynomial 
equations with coefficients in R and any positive integer t, if S has a solution in R 
then it also has a solution in R, and the solutions are congruent modulo in*. 

By work of D. Popescu [25l thm. (1.3)], Rotthaus [28l thm. 1], and Spivakovsky 
[32\ thm. 11.3], a local ring has the approximation property if and only if it is 
excellent and henselian. For example, every local analytic algebra over a perfect 
field has the approximation property [31]; see also [341 (1.19)]. 

(3.2) Henselization. A pointed etale neighborhood of R is a flat local homomor- 
phism R — ► R' = R[X] n /(f), where / is a monic polynomial whose derivative is a 
unit in i?[A] n , and n is a prime ideal lying over m. The set of pointed etale neigh- 
borhoods of R forms a filtered direct system {R\ | A € A}, and the henselization 
of R is the limit R h = lim^ R\ . The natural map R — > R h is a flat local ring 
homomorphism, and there is an isomorphism R h = R. See 16, §18] and [26] . 

Assume R is excellent; by [16, cor. (18.7.6)] and (|3.1|) the henselization R h then 
has the approximation property. Let S be a finite set of polynomial equations with 
coefficients in R. If S has a solution in R, then S has a solution in R h , and it follows 
that there is a pointed etale neighborhood R—>R', such that S has a solution in R 1 . 

(3.3) Theorem. Let (R, m) be an excellent local ring. Fix a co-complete sequence 
a <Em and set K R = K R (a). 

(a) For every homologically Unite R-complex N, there exists a homologically finite 
R h -complex M such that K R <Z> Rh M ~ K R ® n N in D(K R ). 

(b) For every list of homologically finite R-complexes . . . , N^> there exists 
a pointed etale neighborhood R — > R' and homologically hnitc R' -complexes 
JlfW, . . . , AfW such that K r ®r> ~ K R ® n N^ in D(K R ). 
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Proof. Let N be any home-logically finite R complex and identify it with its mini- 
mal semifree resolution; see [U prop. 2]. After a shift, we may assume that N n = 
for n < 0. Set s — sup N and m = s + 2e + 1. Consider the complex P = N^ m 
and the system S of equations, whose existence and solvability in R is given by 
Lemma (|2.1j) . It is sufficient to prove the following: 

(3.3.1) Claim. If the system S has a solution in R, then there exists a homologically 
finite R-complex M such that K R ® R M ~ K R ® R N in D(K R ). 

Indeed, R h has the approximation property, see (13. lj) . so part (a) follows by applying 
(|3.3.ip to R = R h . A list JV (1) , of homologically finite ^-complexes also 

results in a finite system U • • ■ U«Sw of polynomial equations. As noted in (|3.2p . 
there is a pointed etale neighborhood R — > i?', such that the compound system and, 
in particular, each subsystem <SM has a solution in R'. Part (b) now follows by 
applying (l3XT|) to i? = R'. 

Proof of (|3.3.1[> . By Lemma (|2.1I) there exists a complex A of finite rank free 
J?-modules such that A n = when n < or n > to, and 

(1) K R ® R A~K n ® n N <m 

in D(K R ). Augment A by an J?- free resolution of Kerd^; this yields a complex M 
of finite rank free i?-modules with supAf < to and M<^ m = A. In particular, the 
isomorphism {T]) can be rewritten as 

(2) K R ® R M <m ~ K R ® R N^ m . 

Next we show that sup (K r ®rM) < to. Apply K R ® R — to the triangle 

N <m N — > N >m+ i — » EJV <m 

and inspect the long exact homology sequence 

... — » R i+1 (K R ® n N >m+1 ) — » Hi(A- S «» fi iV <m ) — > HifJr 5 ®^ JV) —>■••. 

The module Hi+i(i^ fl ®^ JV^ TO +i) vanishes for i < m while Hi(,K'- R ®gJV) vanishes 
for z > s + e by (jl.l.lj) . Hence 

(3) Ri(K R ®fiN^ m ) = when s + e < i < m. 

The isomorphisms (K R ®RM)i = (K R ®RM^ m )i for z ^ to yield the first isomor- 
phism in the next chain; the second is by ([2]), and the vanishing is by ([3|). 

H^it^^M) = Hj(K^®HM <OT ) = Hi(^(g)^JV <m ) = when s + e < z < m. 
Since the modules H, (M) are finitely generated, Nakayama's lemma implies that 
Hj(JVf) = when s + e < i < to. 

As sup M < to it follows that sup M ^ s + e. Hence sup (K r ®r M) ^ s + 2e < to. 
Next we construct a commutative diagram in the category of DG if -modules 

K R ® R M <m — K R ® R N^ m 

(4) K R ®Z™ 

k r ® r m ' K 11 .v. 
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The top horizontal map exists by ([2|) and [T2J, prop. 6.4] as K R ® R M^ m is K R - 
semifree. To find a morphism p making the diagram commute, consider the triangle 

K R ® R M^ m —> K R ® R M — ► K R ® R M >m+l — ► TK R ® R M^ m 

and apply the functor Mor D(Kj5) (-, K R ®^ -,N) = H (RHom A , s (-, K R ®^ N)) to 
obtain the exact sequence of abelian groups 

Mor D(Kii) (K R ® R M,K R ® R N) Moi D(K&) (K R ® R M <m , K R ® R .N) 

— ► Mot d(kR) (T- 1 K r ® r M >m+1 ,K R ® n N). 
Note that Mor D{KR) (T- 1 K R ® R M >n+ i, K R ® R N) = because 

inf (L~ 1 K R ® R M^ m+1 ) ^ m and sup {K R ®^ N) < s + e < m. 

Now p can be chosen as any preimage of ° a un der £. The map p is 

a quasiisomorphism, as the vertical maps in Q induce isomorphisms on homology 
in degrees less than m and Yi i {K R ® R M) = = R l (K R ®^N) for i ^ m. □ 

(3.4) Remark. By the existence of minimal semifree resolutions [TJ prop. 2] and 
the equality of infima , the complex M in (|3.3.ip can be chosen as a minimal 
complex of finite rank free i?-modules with M n = for n < inf N. 

Recall that a finitely generated i?- module M is maximal Cohen- Macaulay if the 
depth of M equals the Krull dimension of R. 

(3.5) Proposition. Let (R, m) be an excellent local ring. Fix a co-complete se- 
quence a G m and set K R = K R {a). 

(a) For every maximal Cohen-Macaulay R-module N, there exists a maximal 
Cohen-Macaulay R h -module M such that K R ® Rh M ~ K R ®^ N in D(K R ). 

(b) For every list of maximal Cohen-Macaulay R-modulcs N^- 1 ', . . . , ATM there 
exists a pointed etale neighborhood R — > R' and maximal Cohen-Macaulay 
R' -modules M«, . . . , M^> such that K R ® W M« ~ K R ® S N^ in D(K R ). 

Proof, (a) By Theorem (|3.3[) fa) there is a homologically finite i^-complex M such 
that K R ® Rh M ~ K R ®^N in D(K R ). It suffices to show that M is (isomorphic 
in D(R h ) to) a maximal Cohen-Macaulay /^-module. 

Assume for the moment that the sequence a £ m is a system of parameters for 
R. Then a is an TV-regular sequence, and so the depth-sensitivity of K R implies 
that Hi(K R ®fiN) — for i > 0. Combining this with ([TXT]) it readily follows 
that M is (isomorphic in D(R h ) to) a module: 

= inf (K R ® n N) = inf (K R ® Rh M) = inf M 

< sup M sC sup (K R ® Rh M) = sup (K R ® R N) = 0. 

By depth-sensitivity of the Koszul complex K R , the equality 

= sup (K R ® Rh M) = sup (K Rh ® Rh M) 

implies that M is a maximal Cohen-Macaulay /^''-module. 
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Now consider the general situation, wherein we assume only that R/{a) is com- 
plete. Let a; be a system of parameters for R. Applying K R (x)®^ — to the isomor- 
phism K R ® R h M ~ K R ® R ~N yields the first isomorphism below, while the second 
one uses associativity and commutativity of tensor products. 

K R {x) ® R {K n ® Rh M) ~ K R {x) ® R (K R ® R A) 
K R ® n (K R (x) ® Rh M) ~ K R ® R (K R (x) ® n A) 

The computations from the previous paragraph show that K R (x) <£> R N is isomor- 
phic in D(R) to the finite-length module N/(x)N. The second isomorphism above 
and [22l thm. 2.3] now yield the next sequence of equalities 

sup {K R ® R {K R {x) ® Rh M)) = sup (K R ® R {K R {x) ® R A)) = e. 

The complex K R {x) ® R h M has total homology of finite length, and so another 
application of [221 thm. 2.3] yields 

sup {K R ® R {K R (x) ® Rh M)) = e + sup (K R {x) ® Rh M). 

It follows that sup (K R (x) ® R h M) = 0, and as in the previous argument we con- 
clude that M is (isomorphic in D(R h ) to) a maximal Cohen-Macaulay JS^-module. 
Part (b) is proved similarly using Theorem (|3.3p (b). □ 

4. Applications I: Vanishing of cohomology 

(4.1) Liftings. Let x S m be an i?-regular sequence and set S = R/(x). A lifting 
of a homologically finite S'-complex N to R is a homologically finite i?-complex M 
such that N ~ S®\M in D(S). Note that, if A is a module, then a lifting of A to 
R is (isomorphic in D(R) to) a module M with A = S® R M and Tor^S, M) = 0. 

In [4] Auslander, Ding, and Solberg show that vanishing of the cohomology 
modules Extg(A, N) for i = 1, 2 guarantees existence and uniqueness of a lifting of 
A to R when R is complete. Yoshino extended these results to complexes in [35] . 

The next result uses Theorem (|3. 31) to relax the conditions on the ring in [U [3S] ; 
it contains Theorem B from the introduction. Note that the assumption that x is 
co-complete yields isomorphisms R/(x) = R h /(x) = R/{x). 

(4.2) Theorem. Let (R, m) be an excellent local ring. Fix a co-complete R-regular 
sequence x € m and set S = R/(x). 

(a) Every homologically Unite S-complex N with Ext|(JV, A) = lifts to R h . If 
Extg(A, A) = 0, then any two liftings of N to R h are isomorphic in D(R h ). 

(b) Let AW, . . . , JV"W be homologically finite S -complexes. If Ext|(A"W, j\r«) = 
for each i = 1, . . . ,t, then there is a pointed etale neighborhood R — * i?' 
such that each A^ lifts to i?'. If Ext^(A^, A^) = 0, then any two liftings 
of AW to i?' are isomorphic in D(R'). 

Proof, (a) First, assume Ext|(A, A) = 0. By [35l lem. (3.2)] there is a homo- 
logically finite i?-complex L, such that A ~ S ®g L in D(S) . As i? is excel- 
lent, Theorem (|3.3p (a) provides a homologically finite it^-complex M such that 
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K R {x)® R h M ~ K R (x)®^L in D(K R (x)). Now the augmentation morphism 
K R (x) S yields the second of the following isomorphisms in D(S) 

N ~ S <g>| L ~ 5 <g>£„ M. 

By the isomorphism S 1 = R h /(x) this shows that M is a lifting of A to Br, 

Next, assume Ex4(A, A) = and let M and M' be liftings of A to #\ It 

follows that R ® Rh M and R (g> Rh M' are both liftings of A to and so [35] 

lem. (3.3)] implies R ® Rh M ~ i? ®£„ M ' in D (#) Now rjjj lem L1Q ] yiclds thc 

desired isomorphism M ~ M' in D(i?' 1 ). 

(b) The proof is similar, using Theorem (13.3| (b). □ 

(4.3) Auslander Conditions. The ring R is said to satisfy the Auslander Con- 
dition if for every finitely generated i?-module M there exists an integer 6m such 
that Ext%°(M,X) = implies Ext R bM {M,X) = for every finitely generated R- 
module X. Moreover, R satisfies the Uniform Auslander Condition if there is an 
integer 6^0 such that Ext^°(M,X) = implies Ext R b (M,X) = for all finitely 
generated R- modules M and X. Examples of rings that do not satisfy the Auslan- 
der Condition were first given by Jorgensen and §ega [23]. For a list of rings that 
are known to satisfy the Auslander Condition, see [TO] app. A]. 

The next result contains Theorem C from the introduction. 

(4.4) Theorem. Let R be an excellent henselian Cohen-Macaulay local ring. The 
completion R satisfies the (Uniform) Auslander Condition if and only if R satisfies 
the (Uniform) Auslander Condition. 

Proof. It is straightforward to verify the "only if" part, cf. QJjl prop. (5.5)]. 

For the "if" part, let N and Y be finitely generated i?-modules and assume 
that Ext|°(A,y) = 0. By a standard argument we can without loss of generality 

assume that A and Y are maximal Cohen-Macaulay i?-modules; see [IT]. This 
reduction involves replacing A by a high syzygy and Y by a maximal Cohen- 
Macaulay R- module that approximates it in the sense of [3] thm. A]. 

Fix a co-complete sequence a £ m and set K R = K R (o). By Proposition (|3.5D 
there exist finitely generated i?-modules M and X such that K R ® R M ~ K R ®^ N 

and K r ®rX ~ K R ® R r Y in D(K R ). This accounts for the last equality in the 
computation below; the first three follow by (|1.1.1|) . (|1.1.2|) . and adjointness. 

inf RHomg(A, Y) = inf {K R ® R RHom^(A, Y)) 

= inf RHom^A, K R ®x Y ) 

= inf RHom xi (K R ® R A, K R ® R Y) 

= inf Rnom K n(K n ® R M, K R ® R : X) 

Combined with a parallel computation starting from RHornfj(M, X), this yields 
the second equality in the next sequence 

sup{m G Z | Ext 'I (A, Y) = 0} = - inf RHomg(A, Y) 

(1) = -inf RHom jR (M,A) 

= sup{m e Z | Ext£(M, X) = 0}. 



14 



LARS WINTHER CHRISTENSEN AND SEAN SATHER-WAGSTAFF 



In particular, we have Ext^" (M, X) = 0. If R satisfies the Auslander Condition, 
then there is an integer b = bjj such that Ext^ fc (A/, X) = 0, and ([1]) shows that 
Ext~ b (A, Y) = 0. It follows that R satisfies the Auslander Condition. Ascent of 
the Uniform Auslander Condition follows from the same argument. □ 

5. Descent of semidualizing complexes 

We now focus on step two of the analysis described in the introduction, namely, 
transfer of information from Koszul extensions to i?-complexes. 

(5.1) Definition. Fix a co-complete sequence a £ m and set K R — K R (a). A 
class C of homologically finite i?-complexes is K R -distinguishable if it satisfies the 
following property: Given homologically finite i?-complexes C and X , if C is in C 
and K R ® R X ~ K R ® R C in D(K R ), then X ~ C in D(R). 

(5.2) Lemma. Let (R,m) be a local ring. Fix a co-complete sequence a £ m and 
set K R = K R {d). Given a K R -distinguishable class C of homologically finite R- 
complexes, if C is in C and there is a homologically hnite R-complex B such that 
K R ® R B ~ K R ® R C in D(K R ), then R® R B ~ C in D(R). 

Proof. By the assumption on C, the claim is immediate from the isomorphisms 

K R ® R (R® R B)~K R ® R B~K R ® R C. □ 

The main result of this section concerns semidualizing complexes; the definition 
is recalled below. This notion is wide enough to encompass dualizing complexes in 
the sense of Grothendieck [17] and the relative dualizing complexes of Avramov and 
Foxby [6] ; yet it is narrow enough to admit a rich theory [9] . This notion has been 
introduced independently by several authors; for example in Wakamatsu's work on 
generalized tilting modules [33J . 

(5.3) Semidualizing complexes. A homologically finite i?-complex C is semi- 
dualizing if the homothety morphism Xc ■ R ~* R-Hohir (C,C) is an isomorphism 
in D(i?). Further, C is dualizing in the sense of |17[ V.§2] if it is semidualizing and 
isomorphic in D(i?) to a bounded complex of injective modules. 

Theorem D from the introduction is a special case of part (a) in the next result. 

(5.4) Theorem. Let R be an excellent local ring. 

(a) For every semidualizing R-complex C there exists a semidualizing R h -complex 
B such that C ~ R® R h B. In particular, R h has a dualizing complex. 

(b) For every list of semidualizing R-complexes C^ x \ . . . , C^' there is a pointed 
Stale neighborhood R — > R' and semidualizing R' -complexes B^\ . . . , B^> 
such that CW ~ R® R , fiW for i = 1, . . . ,t. In particular, there exists a 
pointed Stale neighborhood R — > R' such that R! admits a dualizing complex. 

Proof, (a) Let C be a semidualizing i?-complex. Fix a co-complete sequence a £ m 
and set K R = K R {a). By Theorem (|3.3l) (a) there exists a homologically finite R h - 
complex B such that K R ® R h B ~ K R ®s C in D(K R ). The class C of semidualizing 
i?-complexes is if ^-distinguishable by Lemma (1A.3|) . so Lemma (|5 . 2|) yields an 
isomorphism R® R h B ~ C in D(R), and it follows by (|A.lj) that the complex B is 
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semidualizing for R h . Because R admits a dualizing complex, this shows that R h 
also admits a dualizing complex; see thm. (5.1)]. 

(b) The proof is similar, using Theorem (|3.3p (bV □ 

The next example demonstrates how badly the conclusion of Theorem (|5 .4[) (and 
hence Theorem (|3.3|) ) can fail when R is not excellent. 

(5.5) Example. Let So be a field of characteristic zero. For n > let [V n ij] be a 
2x3 matrix of indeterminants and consider the complete normal Cohen-Macaulay 
local domain 

S n — S n -l$V n ijJ/ 'hiVnij). 

By [30l cor. 4.9(c)] there are exactly 2™ distinct shift-isomorphism classes of semi- 
dualizing complexes in D(S* n ); by [9, cor. (3.7)] each class contains a module. For 
each n > there exists, by [TBI thm. 8], a Cohen-Macaulay local unique factor- 
ization domain R n such that S n = R n - By [301 prop. 3.4] each ring R n has only 
the trivial semidualizing complex R n up to shift-isomorphism. Hence, the only 
semidualizing i?„-complex that descends to i? n is the trivial one R n . 

Also Theorem (|4.2[) has an application to semidualizing complexes. The next 
result extends part of [T5l prop. 4.2]. 

(5.6) Proposition. Let (R, m) be an excellent henselian local ring and x £ m a 
co-complete R-regular sequence. There is a bijective correspondence, induced by 
the functor R/(x) ®^ — , between the sets of (shift-) isomorphism classes of semi- 
dualizing complexes in D(R) and D(R/(x)). 

Proof. This follows directly from (|A~T|) and Theorem (|4~2])fa). □ 

6. Applications II: Annihilation of (co)homology 

For every local ring R, the completion R has a dualizing complex. If R is excellent 
then, by Theorem (|5.4|) . a dualizing complex is available much closer to R. This is 
the key to the next result; if R itself has a dualizing complex, then the conclusion 
holds by a result of Roberts [2JJ thm. 1]. 

(6.1) Theorem. Let R be an excellent local ring of Krull dimension d. There exists 
a chain of ideals bd Q ■ ■ ■ C bi C bo satisfying the following conditions: 

(a) For each i = 0, . . . , d there is an inequality dim R/bi ^ i. 

(b) If F = — > F r — > • • • — » F — > is a complex of hnite rank free R-modules 
with lengthy H(F) < oo, then bi annihilates Hj(F) for each j ^ r — i. 

Proof. By Theorem (|5.4l) fb) there exists a pointed etale neighborhood R — > R' 
such that R' admits a dualizing complex. Note that dimi?' = d. By [271 thm. 1 
and preceding prop, and def.] there exists a chain of ideals b' d C • • • C b'i C b' in 
R' such that: (a') dim R'/b^ i, and (b') if F' = -> FJ. -> • ■ ■ -> -> is a 
complex of finite rank free i?'-modules with lengthy, H(F') < oo, then b[ Hj(F') = 
for j ^ r — L 

For each i = 0, . . . , d set bi = b[ n i?. It is not difficult to verify that dim R/bi = 
dimi?'/b^ ^ i. Let F be a complex satisfying the hypothesis of (b). The complex 
F' = R' ®rF satisfies the hypothesis of (b'). Indeed, the isomorphisms R'/mR' = 
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k and Hj(F') = Hj{F)® R R' guarantee lengthy, H(F') < oo. This provides R- 
isomorphisms Hj(F') = Hj(F). The ideal b[ annihilates Hj(F') for j ^ r — i and 
contains bi\ hence bi annihilates Hj(F) for j r — i. □ 

(6.2) Remark. By unpublished examples of Nishimura, an excellent local ring need 
not possess a dualizing complex [24\ exa. 6.1], and a ring with a dualizing complex 
need not be excellent [24] exa. 4.2]. In view of this, the hypothesis in (|6.ip is neither 
stronger nor weaker than the hypothesis in |271 thm. 1]. 

A classical application of Roberts' theorem J27[ thm. 1] is to find uniform an- 
nihilators of local cohomology modules H^, (R) . Hochster and Huneke [20l [21] , for 
instance, do this when R is an equidimensional local ring that admits a dualiz- 
ing complex or is unmixed and excellent. Theorem (|6.1|) allows us to drop the 
unmixedness condition, thus recovering a recent result of Zhou [361 cor. 3.3(h)]: 

(6.3) Remark. Let R be an equidimensional excellent local ring of Krull dimension 
d > 1. For each j the local cohomology module rl 3 m (R) is a direct limit of homology 
modules in degree d — j of Koszul complexes on powers of a system of parameters. 
Thus, for each i = 0, . . . , d the ideal bi annihilates W m (R) for j ^ i. In particular, 
bd-i annihilates K 3 m (R) for j < d and dim R/bd-i ^ d— 1. If R is equidimensional, 
then bd-i is not contained in any minimal prime of R. In the terminology of [36], 
this means that b^-i contains a uniform cohomological annihilator for R. 

Appendix. Semidualizing complexes are .ftT ^"-distinguishable 
We start by recalling a few facts about semidualizing complexes; see (|5.3[) . 

(A.l) Ascent and descent. Let R — » S be a local ring homomorphism such that 5* 
has finite flat dimension as an i?-module and let C, C be degreewise homologically 
finite i?-complexes. The complex S <g>^ C is S'-semidualizing if and only if C is 
i?-semidualizing. Furthermore, if C and C are semidualizing i?-complexes such 
that S ®^ C ~ S C in D(5), then C ~ C in D(i?); see [H thm. 4.5 and 4.9]. 

The following definition is introduced as a convenience for Lemma (|A.3[) . 

(A. 2) Definition. Fix a list of elements a £ m and set K R = K R (a). A semidua- 
lizing DG K R -module is a homologically finite DG if^-module M such that the 
homothety morphism \m '■ K R ~^ RHom^-fl(M, M) is an isomorphism in D(K R ). 

The next lemma shows that the class of semidualizing i?-complexes is in - 
distinguishable, as defined in (|5.ip . 

(A. 3) Lemma. Let (R, m) be a local ring and let C and C be degreewise homolo- 
gically Unite R-complexes. Fix a list of elements a £ m and set K R — K R (a). 

(a) The DG K R -module K R ® R C is K R -semidualizing if and only if C is R- 
semidualizing. 

(b) If C and C' are semidualizing and K R ® B C ~ K R ® R C' in D(K R ), then 
C~C' in D(R). 

Proof. For brevity set K = K R . Recall from [9] that a homologically finite R- 
complex X is C -reflexive if RHom^(A, C) is homologically bounded and the bidu- 
ality morphism 5*% '■ X —* RHomij(RHom^(A, C), C) is an isomorphism in D(R). 
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(a) Recall from (11. 2|) that K ® R C is home-logically finite over K if and only if 
C is homologically finite over R. In the commutative diagram 

K 

K® R R - ) K — *^-^RXlom K {K® R C,K® R C) 

K® R BRom R {C, C) = >HRom R (C,K ® R G) 

the right-hand vertical isomorphism is by adjointness, and the lower horizontal one 
is tensor-evaluation (| 1 . 1 . 2|) . The diagram shows that Xk® r c ^ s an isomorphism 
in D(K) if and only if K® R Xc is so. The latter is tantamount to Xc being an 
isomorphism in D (i?) ; to see this apply to Cone {K® R Xc) — K ® R Cone Xc ■ 

(b) Assume K ® R C ~ K ® R C in D(K). The first isomorphism in the following 
diagram is the homothety morphism 

K -=-> BHotq.k{K® r C',K® r C) <-=- K® R KRom R (C',C) 

while the second is the composition of adjunction and tensor-evaluation (|1.1.2|) . 
It follows that K ^) R RRoir r (C' , C) is homologically bounded, and hence so is 
RHonifl (C',C) by (ll.l.ip . In the commutative diagram 

K ® R C > RHomjf (RHom K {K ® R C , K ® C) , K ® C) 

~ RHom (/3, if® i?.C) 

K ® R RHom fl (RHom fl (C", C), C) RHom K (X ® R RHom fl (C", C), K ® R C) 

the lower horizontal arrow is the composition of adjointness and tensor-evaluation. 
The diagram shows that K® r 8q, is an isomorphism in D(K). An application of 
(jl.l.ip to Cone (K ® R 5q, ) = K ® R Cone &q, implies that Sq, is an isomorphism in 
D(R). This proves that C is C-rcflexivc. Symmetrically, C is C'-reflexive, and by 
2, thm. 5.3] it then follows that C and C are isomorphic up to shift in D(R). From 
(fTXTT) we have C ~ C . □ 

Acknowledgments 

We thank Srikanth Iyengar and Roger Wiegand for enlightening conversations 
related to this work. We also thank the anonymous referee for thoughtful comments. 



References 

1. Dmitri Apassov, Homological dimensions over differential graded rings, Complexes and Dif- 
ferential Graded Modules, doctoral dissertation, Lund University, 1999, pp. 25—39. 

2. Tokuji Araya, Ryo Takahashi, and Yuji Yoshino, Homological invariants associated to semi- 
dualizing bimodules, J. Math. Kyoto Univ. 45 (2005), no. 2, 287-306. IMR2161693I 

3. Maurice Auslander and Ragnar-Olaf Buchweitz, The homological theory of maximal Cohen- 
Macaulay approximations, Mem. Soc. Math. France (N.S.) (1989), no. 38, 5-37, Colloque en 
l'honneur de Pierre Samuel (Orsay, 1987). MR10443431 

4. Maurice Auslander, Songqing Ding, and 0yvind Solberg, Liftings and weak liftings of modules, 
J. Algebra 156 (1993), no. 2, 273-317. IMR1216471I 

5. Luchezar L. Avramov and Hans-Bj0rn Foxby, Locally Gorenstein homomorphisms, Amer. J. 
Math. 114 (1992), no. 5, 1007-1047. lMR1183530l 



18 



LARS WINTHER CHRISTENSEN AND SEAN SATHER-WAGSTAFF 



6. , Ring homomorphisms and finite Gorenstein dimension, Proc. London Math. Soc. (3) 

75 (1997), no. 2, 241-270. IMR1455856I 

7. Luchezar L. Avramov, Hans-Bj0rn Foxby, and Stephen Halperin, Differential graded homolo- 
gical algebra, preprint (2006). 

8. Winfried Bruns and Jiirgen Herzog, Cohen- Macaulay rings, Cambridge Studies in Advanced 
Mathematics, vol. 39, Cambridge University Press, Cambridge, 1993. MR1251956 

9. Lars Winther Christensen, Semi- dualizing complexes and their Auslander categories, Trans. 
Amer. Math. Soc. 353 (2001), no. 5, 1839-1883. IMR18135961 

10. Lars Winther Christensen and Henrik Holm, Algebras that satisfy Auslander 's condition on 
vanishing of cohomology, preprint (2007) arXiv:0801.0401 [math. AC] 

11. , Vanishing of cohomology over Cohen- Macaulay rings, manuscript in progress. 

12. Yves Felix, Stephen Halperin, and Jean-Claude Thomas, Rational homotopy theory, Graduate 
Texts in Mathematics, vol. 205, Springer- Verlag, New York, 2001. IMR1802847I 

13. Hans-Bj0rn Foxby and Srikanth Iyengar, Depth and amplitude for unbounded complexes, Com- 
mutative algebra (Grenoble/Lyon, 2001) (Providence, RI), Contemp. Math., vol. 331, Amer. 
Math. Soc, 2003, pp. 119-137. [MR2013162I 

14. Anders Frankild and Sean Sather-WagstafT, Refiexivity and ring homomorphisms of finite flat 
dimension, Comm. Algebra 35 (2007), no. 2, 461-500. MR2294611 

15. , The set of semidualizing complexes is a nontrivial metric space, J. Algebra 308 

(2007), no. 1, 124-143. MR2290914 

16. Alexander Grothendieck, Elements de geometric algebrigue. IV. Etude locale des schemas et 
des morphismes de schemas IV, Inst. Hautes Etudes Sci. Publ. Math. (1967), no. 32, 361. 
IMR02388601 

17. Robin Hartshorne, Residues and duality, Lecture notes of a seminar on the work of A. 
Grothendieck, given at Harvard 1963/64. With an appendix by P. Deligne. Lecture Notes 
in Mathematics, vol. 20, Springer- Verlag, Berlin, 1966. MR0222093 

18. Raymond C. Heitmann, Characterization of completions of unigue factorization domains, 
Trans. Amer. Math. Soc. 337 (1993), no. 1, 379-387. |MR1 1028881 

19. Vladimir Hinich, Rings with approximation property admit a dualizing complex, Math. Nachr. 
163 (1993), 289-296. IMR1235073I 

20. Melvin Hochster and Craig Huneke, Tight closure, invariant theory, and the Briancon- Skoda 
theorem, J. Amer. Math. Soc. 3 (1990), no. 1, 31-116. [MR1017784I 

21. , Infinite integral extensions and big Cohen- Macaulay algebras, Ann. of Math. (2) 135 

(1992), no. 1, 53-89. IMR1147957I 

22. Srikanth Iyengar, Depth for complexes, and intersection theorems, Math. Z. 230 (1999), no. 3, 
545-567. MR168003S] 

23. David A. Jorgensen and Liana M. §ega, Nonvanishing cohomology and classes of Gorenstein 
rings, Adv. Math. 188 (2004), no. 2, 470-490. [MR2087235I 

24. Jun-Ichi Nishimura, A few examples of local rings I, preprint. 

25. Dorin Popescu, General Neron desingularization and approximation, Nagoya Math. J. 104 
(1986), 85-115. MR868439] 

26. Michel Raynaud, Anneaux locaux henseliens, Lecture Notes in Mathematics, Vol. 169, 
Springer- Verlag, Berlin, 1970. IMR02775191 

27. Paul Roberts, Two applications of dualizing complexes over local rings, Ann. Sci. Ecole Norm. 
Sup. (4) 9 (1976), no. 1, 103-106. IMR0399075I 

28. Christel Rotthaus, Rings with approximation property, Math. Ann. 287 (1990), no. 3, 455- 
466. IMR1060686I 

29. , Descent of the canonical module in rings with the approximation property, Proc. 

Amer. Math. Soc. 124 (1996), no. 6, 1713-1717. IMR13075621 

30. Sean Sather-Wagstaff, Semidualizing modules and the divisor class group, Illinois J. Math. 51 
(2007), no. 1, 255-285 (electronic). IMR23461971 

31. G. Scheja and U. Storch, Lokale Verzweigungstheorie, Institut des Mathematiques, Univer- 
sity de Fribourg, Fribourg, 1974, Vorlesungen iiber Kommutative Algebra (Wintersemester 
1973/74), Schriftenreihe des Mathematischen Institutes der Universitat Freiburg, No. 5. 
IMR04121671 

32. Mark Spivakovsky, A new proof of D. Popescu's theorem on smoothing of ring homomor- 
phisms, J. Amer. Math. Soc. 12 (1999), no. 2, 381-444. IIMR1647069I 



DESCENT VIA KOSZUL EXTENSIONS 



19 



33. Takayoshi Wakamatsu, On modules with trivial self- extensions, J. Algebra 114 (1988), no. 1, 
106-114. IMR9319031 

34. Yuji Yoshino, Cohen- Macaulay modules over Cohen- Macaulay rings, London Mathemati- 
cal Society Lecture Note Series, vol. 146, Cambridge University Press, Cambridge, 1990. 
IMR10799371 

35. , The theory of L-complexes and weak liftings of complexes, J. Algebra 188 (1997), 

no. 1, 144-183. [MR1432352I 

36. Caijun Zhou, Uniform annihilators of local cohomology of excellent rings, J. Algebra 315 
(2007), no. 1, 286-300. IMR2344347I 

Department of Math, and Stat., Texas Tech University, Lubbock, TX 79409, U.S.A. 
E-mail address: lars.w.christensen@math.unl.edu 
URL: http: //www. math. ttu. edu/~lchriste 

Department of Mathematical Sciences, Kent State University, Mathematics and 
Computer Science Building, Summit Street, Kent OH 44242, U.S.A. 

Current address: Department of Mathematics, 300 Minard Hall, North Dakota State Univer- 
sity, Fargo, North Dakota 58105-5075, U.S.A. 

E-mail address: Sean.Sather-WagstaffOndsu.edu 

URL: http : //math . ndsu . nodak . edu/f acuity /ssatherw/ 



